Abstract. Let B be an infinite subset of N. When we consider partitions of natural numbers into elements of B, a partition number without a restriction of the number of equal parts can be expressed by partition numbers with a restriction α of the number of equal parts. Although there are many way of the expression, we prove that there exists a expression form such that this expression form is true for all possible set B. This identities comes from the partition numbers of natural numbers into {1, α, α 2 , α 3 , · · · }. Furthermore, we prove that there exist inverse forms of the expression forms. And we prove other similar identities. The proofs in this paper are constructive.
Let p(n) be the number of partitions of n into natural numbers, and d(n) be the number of partitions of n into distinct natural numbers. Next, let p P (n) be the number of partitions of n into primes, and p P 1 (n) be the number of partitions of n into distinct primes. Then 
. If one compares above three expressions, one can see that these three expression forms are same though the set of parts was changed. The numbers in the previous identity are not random but come from the all possible binary expressions of 5 i.e.
Definition. Let N be the set of natural numbers and ψ be an one to one function such that ψ : N → N. We denote the set {ψ(n) ∈ N} by A. p A α (n) is the number of partitions of n into elements of A such that the number of equal parts is less than or equals to α ∈ N \ {0}. p A (n) is the number of partitions of n into elements of ψ(N) without a restriction of the number of equal parts. We define p A α (0) = p A (0) := 1 for all α ∈ N \ {0}.
Identities between p
A and p
A α
Before considering the identities between p A and p Definition. Consider all non-negative integer solutions of the indeterminate equation n = N 0 +2N 1 +4N 2 +· · · = i≥0 2 i N i and denote by (a n 11 , a n 12 , a n 13 · · · ), (a n 21 , a n 22 , a n 23 · · · ), · · · . In other word, n = a 
Then the solution matrix of this equation is
A n := (a n ij ). Proposition 1.1. Let A n = (a n ij ) be the solution matrix of n = i≥0 2 i N i and let ψ be an one to one function such that ψ : N → N. Then
Proof. It is well known fact that for |q| < 1,
(see [1] or [2] ). On the other hand,
. . .
Therefore,
If one expands the above infinite product to an infinite series, one can express
(1) and one can see that the coefficient of q n is related with non-negative integer solutions of n = i≥0 2 i N i . If one expands some terms,
Now, we prove more general identities between p A and p A α .
Definition. Let n ∈ N and {(a n,α 11 , a n,α 12 , a n,α
21 , a n,α 22 , a n,α 23 · · · ), · · · } be the set of all non-negative integer solutions of the indeterminate equation
In other words, n = a n,α 11 + (α + 1)a
where a n,α ij ∈ N. Then the solution matrix of this equation is A n,α := (a n,α ij ). Theorem 1.2. Let ψ be an one to one function such that ψ : N → N. And let n ∈ N and A n,α = (a n,α ij ) be the solution matrix of n = i≥0 (α + 1)
(see [2] ). On the other hand,
for all I ∈ N. So,
and one can see that the coefficient of q n is related with non-negative integer solutions of n = i≥0 (α + 1) i N i
Inverse identities and some other similar identities
In section 1, we found the identities which express p
. Now, we will find the inverse identities. Definition. Let E A (n) be the number of even partitions of n without a restriction of the number of equal parts and O A (n) be the number of odd partitions of n without a restriction of the number of equal parts. Then we definē 
Proof. For |q| < 1,
On the other hand,
Therefore, if we define i≥0 n≥1
when n = (α + 1) i≥0 2 i N i has non-negative integer solutions and Γ ψ α (n) = 0 when n = (α + 1) i≥0 2 i N i does not have a non-negative integer solution. Finally,
Next, we prove two similar theorems.
Definition. Let E
A α (n) be the number of even partitions of n such that the number of equal parts is less than or equals to α ∈ N and O A α (n) be the number of odd partitions of n such that the number of equal parts is less than or equals to α ∈ N \ {0}. Then we definē
Theorem 2.2. Let A n = (a n ij ) be the solution matrix of n = i≥0 2 i N i and let ψ be an one to one function such that ψ : N → N. Then
A (a n ij ) for all n ∈ N.
Proof. We proved that for |q| < 1,
in the proof of theorem 2.1. So,
This proves the theorem.
Theorem 2.3. Let A n,α = (a n,α ij ) be the solution matrix of n = i≥0 (α+1) i N i and let ψ be an one to one function such that ψ : N → N. Then
for all n ∈ N and for all even natural number α.
Proof. Let α be an even natural number. If |q| < 1,
Appendix: Examples
In this appendix, we will consider two identities for p A (10) and p 
A (10) = 4 and since p 
So, p A (10) = 10 and since p A 1 (2) = 0, and ∅ for n = odd number. So, 
